Price gap, defined as the logarithmic price difference between the first two occupied price levels on the same side of a limit order book (LOB), is a key determinant of market depth, which is one of the dimensions of liquidity. However, the properties of price gaps have not been thoroughly studied due to the less availability of ultrahigh frequency data. In the paper, we rebuild the LOB dynamics based on the order flow data of 26 A-share stocks traded on the Shenzhen Stock Exchange in 2003. Three key empirical statistical properties of price gaps are investigated. We find that the distribution of price gaps has a power-law tail for all stocks with an average tail exponent close to 3.2. Applying modern statistical methods, we confirm that the gap time series are long-range correlated and possess multifractal nature. These three features vary from stock to stock and are not universal. Furthermore, we also unveil buy-sell asymmetry phenomena in the properties of price gaps on the buy and sell sides of the LOBs for individual stocks. These findings deepen our understanding of the dynamics of liquidity of common stocks and can be used to calibrate agent-based computational financial models. JEL classification: G10, C14
Introduction
It is a key stylized fact that returns over small time scales have powerlaw tails (Mandelbrot, 1963; Mantegna and Stanley, 1995; Gopikrishnan et al., 1999; Plerou et al., 1999; Bertram, 2004; Coronel-Brizio and Hernández-Montoya, 2005; Zhang et al., 2007; Pan and Sinha, 2008; Tabak et al., 2009; Mu and Zhou, 2010; Yang et al., 2013; Liang et al., 2013) , which means that large price changes occur more frequently than normal distribution. This phenomenon has important application in the domain of risk management, and it is necessary to understand the origins of large price fluctuations.
It is well-documented that trading volume is a key determinant to move stock prices. The relationship between price fluctuation and trading volume over certain time period has been extensively studied (Karpoff, 1987) . There is numerous evidence showing that the magnitude of price fluctuation positively correlates to the trading volume at different time scales from one minute to one month (Wood et al., 1985; Jain and Joh, 1988; Ying, 1966; Epps, 1977; Harris, 1987; Gallant et al., 1992; Richardson et al., 1986; Rogalski, 1978; Saatcioglu and Starks, 1998) . The price-volume relation is usually asymmetric at the aggregate level in the sense that the price impact of a selling volume is larger than a buying volume of the same size (Karpoff, 1987) . At the transaction level, theoretical and empirical analyses show that the price impact function is nonlinear (Loeb, 1983; Perold and Salomon, 1991; Zhang, 1999; Farmer, 2002; Almgren, 2003; Gabaix et al., 2003a,b; Lillo et al., 2003; Plerou et al., 2004; Lim and Coggins, 2005; Gabaix et al., 2006 Gabaix et al., , 2007 Zhou, 2012a,c) . At the transaction level, there is no buy-sell asymmetry in the price impact function (Zhou, 2012c) .
Trading volume or trade size is certainly not the solo driving force of price fluctuations. find that large price fluctuations of stocks traded on the London Stock Exchange are essentially independent of the volume of orders, but rather driven by liquidity fluctuations characterized by the gaps between the first few occupied price levels on the opposite limit order book. After investigating the TAQ data and order book data from the Island ECN, Weber and Rosenow (2006) argue that a large trading volume alone is not sufficient to explain large price changes and a lack of liquidity is a necessary prerequisite for the occurrence of large price fluctuations. Naes and Skjeltorp (2006) study the order flow data from the Oslo Stock Exchange and find that price fluctuations are positively correlated with trade number, a component of trading volume, and negatively correlated with different liquidity measures. Joulin et al. (2008) analyze the one-minute data of 163 USA stocks and find that news and trading volume play a minor role in causing large price changes. They conjecture that large price fluctuations are caused by the vanishing of liquidity. Based on the order flow data of Chinese stocks, Zhou (2012a) finds that trade size, bid-ask spread, price gaps, and outstanding volumes all play a significant role in driving price fluctuations.
Bid-ask spread, price gap and standing volume on the LOBs are all fundamental ingredients of liquidity. The statistical properties of bid-ask spreads and volumes have been investigated for many financial markets (Chakraborti et al., 2011; Gould et al., 2013) . However, only a few studies concern with the statistical properties of price gaps in financial markets. analyze the probability distribution of price gaps of a few stocks traded on London Stock Exchange and find that price gaps approximately follow a power-law distribution with the tail exponents varying from about 1.6 to 2.8. Lallouache and Abergel (2013) focus on the EUR/USD and USD/JPY foreign exchange data from the Electronic Broking Service (EBS) Spot platform. They study the relation between the average gaps (in units of ticks) and price levels in the LOB and find that decimalized gaps decrease with the price levels in both buy and sell LOBs which do not change with time.
In this work, based on the order flow data of 26 A-share stocks traded on the Shenzhen Stock Exchange, we rebuild the LOBs according to the continuous double auction mechanism. We study the empirical statistical properties of the price gaps on the buy and sell LOBs. The rest of this paper is organized as follows. Section 2 briefly introduces the database we analyze. In Section 3, we investigate the probability distributions of price gaps. Section 4 estimates the memory effect of gap series using advanced statistical methods. We further investigate its multifractal nature in Section 5. Finally, we summarize the results in Section 6.
Dateset
Our study is based on the order flow data of 26 liquid stocks traded on the Shenzhen Stock Exchange, covering the whole year of 2003. The Shenzhen Stock Exchange adopts the continuous double auction mechanism, which was established on December 1, 1990 and started its operation on July 3, 1991. There are two kinds of independent markets on the SZSE, i.e., A-share market and B-share market. Both of them are open to mainland Chinese companies. The A-share market is traded in CNY and restricted to domestic investors, while the B-share market is traded in HKD and only open to foreign investors before February 19, 2001 since when it has been open to the domestic investors as well. Each A-share stock forms its open price through the call auction mechanism and enters the continuous double auction period since 9:30 in the morning. We focus on the data in the continuous double auction period.
There The database records the order flows of the aforementioned stocks in 2003. It contains the details of order placement and order cancellation, including the order submitting time, order price, order size and order identifier which identifies whether the submitted order is a buy order, a sell order, or a cancelation. The time stamp is accurate to 0.01 second. We rebuilt the order book with respect to the placed orders and and cancelled orders according to the price-time priority rule (Gu et al., 2008a,b,c) . At each event time defined as a submitted or a cancelled order, we obtain the buy-side and sell-side LOBs, on which unexecuted limit orders occupy different price levels at a 1 , a 2 , a 3 , · · · from low to high on the sell LOB and b 1 , b 2 , b 3 , · · · from high to low on the buy LOB. The price gap g(t) investigated in this work is defined as the absolute logarithmic difference between the first occupied price level (best bid or best ask) and the second occupied price level on the buy or sell LOB:
ln b 1 (t) − ln b 2 (t) for buy LOB ln a 2 (t) − ln a 1 (t) for sell LOB .
(1) Table 1 presents the basic statistics of the price gaps.
The second column and the ninth column of Table 1 show the order flow rate µ defined as the number of submitted order per minute. It is observed that the order flow rate varies remarkably from stock to stock, and not surprisingly µ b strongly correlates with µ a . We further find that µ b > µ a for 4 stocks and µ b < µ a for 22 stocks. The third and tenth columns present the ratio ω of the number of gaps equaling to the tick size (0.01 CNY) to the total number of gaps for each stock. The value of ω varies from 0.73 to 0.99 for buy LOBs and from 0.70 to 0.99 for sell LOBs. It is not unexpected that ω b correlates strongly with ω a . A closer scrutiny unveils that ω b > ω a for 24 stocks.
The rest columns give the mean, median, standard deviation, skewness, and kurtosis of the gaps on each side of the LOB for each stock. These statistics vary from stock to stock. We observe strong correlations between the corresponding means of the price gaps on the buy and sell LOBs, so do the medians. Such buy-sell correlations are much weaker for other statistics. There are 22 stocks with larger mean gaps on the buy side. All the gap distributions are right skewed as expected because the mean gaps span less than two ticks. There are 24 stocks whose skewness of gaps on the buy LOB is greater than that on the sell LOB. We also find that all the gap distributions have large kurtosis and there are 23 stocks with greater kurtosis of the gaps on the buy LOBs. Table 1 : Summary statistics of price gaps on the buy and sell LOBs of 26 stocks. µ is the order flow rate, i.e., the number of order submission per minute. ω is the ratio of the tick size (0.01 CNY) to the total number of gaps on the buy LOB or sell LOB. 
Probability distribution
Price gap is a significant determinant of immediate price impact (Zhou, 2012a) , and the distribution of price gaps is directly related to the distribution of immediate price changes . In this section, we will investigate the distribution of gaps on both buy and sell LOBs for individual stocks. By looking at the empirical distributions of price gaps for the 26 stocks, we conjecture that these distributions have power-law tails:
where β is the power-law exponent and g min is the lower threshold of the scaling range of the power-law decay. We aggregate the gaps of all the stocks together and treat them as an ensemble. Figure 1 illustrates the empirical probability distributions f (g) of ensemble gaps on the buy LOB and the sell LOB. Evident power-law tails are observed. In addition, we see local humps in the distributions especially around g = 0.001 and g = 0.002. These humps are caused by the discreteness of the tick size and correspond to one and two ticks. These features are more evident for individual stocks. To have a deeper understanding of the tail behavior, we need to conduct objective analysis. Based on the Kolmogorov-Smirnov test, Clauset et al. (2009) propose an efficient quantitative method to test if the tail have a power-law form and, if so, to estimate the power-law exponent β for the data greater than or equal to the threshold g min . We describe briefly the method of Clauset et al. (2009) , which has been extensively applied in many fields. The Kolmogorov-Smirnov statistic (KS ) is defined as
where P is the cumulative distribution of gaps and F PL is the cumulative distribution of the best power-law fit. The threshold g min is determined by minimizing the KS statistic. Then the power-law exponent β of the data in the range g ≥ g min can be estimated using the maximum likelihood estimation (MLE) method, that is,
where n is the number of the data points in the range g > g min . The standard error σ on the power-law exponent β is derived from the width of the likelihood maximum, which reads
Applying this approach to the ensemble data shown in Fig. 1 , we have β b = 3.34 with g min = 0.0035 and σ = 0.0049 for the buy LOB of ensemble gaps and β s = 3.39 with g min = 0.0036 and σ = 0.0046. We also analyze individual stocks and present the minimal gaps, the tail exponents, and the standard deviations for each stock in Table 2 . For buy LOBs, the value of β b varies in the range [2.38, 4.35] with the mean value β b = 3.19 ± 0.53. For sell LOBs, the tail exponent β s fluctuates in the range [2.16, 4.60] with the mean value β s = 3.17 ± 0.60. It is clear that the mean values β b and β s are similar to the power-law tail exponents obtained from ensemble gaps. However, the tail exponents of individual stocks have larger standard deviations. For stocks traded on the London Stock Exchange, find that the tail exponents vary from about 1.6 to 2.8 and the tail exponents of gaps and returns are almost identical. They thus argue that large price changes are mainly caused by price gaps. Although the tail exponents of gaps of Chinese stocks are systemically greater than those of British stocks, the tail exponents of gaps and returns of Chinese stocks are also very close (Zhou, 2012c) , seemingly supporting the conjecture of .
Following Clauset et al. (2009) , we perform bootstrap test if the gap distributions have power-law tails. In doing so, we generate 100 realizations of gaps for each distribution. For each realization, we compute the KS statistic KS sim as follows:
where P sim is the cumulative distribution of the simulated realization. We thus obtain the p-value:
where the numerator is the number of realizations with KS sim > KS . The meaning of this rest is that the investigated gaps have the power-law distribution with a probability of p. The resulting KS values and the corresponding p-values are given in Table 2 . It is found that three stocks have a p-value of zero, while other stocks have very large p-values. This test confirms that most stocks have power-law tails in the gap distributions.
We further illustrate the relation between β b and β s in Fig. 2 , and quantitatively analyze the linear relation between them us- 
where the numbers in parentheses are the p-values of the coefficients. We find that the intercept is insignificantly different from zero, while the coefficient of β b is evidently significant with the p-value close to zero. It is clear that the fitted dash line from the robust regressing method almost overlaps with the solid line β s = β b . Therefore, although there is certain buysell asymmetry in the tail distributions of gaps for individual stocks, the tail behaviors of gaps on the two LOBs for a same stock share great similarity. 
Long-range correlation
In this section, we investigate if there are long-range corrections in gap time series. There are many methods proposed to estimate the memory effect of time series (Taqqu et al., 1995; Bashan et al., 2008; Barunik and Kristoufek, 2010) , such as rescaled range (RS) analysis (Hurst, 1951) , fluctuation analysis (FA) (Peng et al., 1992) , wavelet transform module maxima (WTMM) (Holschneider, 1988; Muzy et al., 1991) , detrended fluctuation analysis (DFA) (Peng et al., 1994) , and detrending moving average (DMA) (Alessio et al., 2002) , to list a few. We adopt the DFA and DMA algorithms, which are among the most effective and the most extensively used methods (Shao et al., 2012) . For a given price gap time series {g(t)|t = 1, 2, · · · , N}, we calculate the cumulative summation series G(t) as follows,
where g is the sample mean of the g(t) series. The series G is covered by N s disjoint boxes with the same size s. When the whole series G(t) cannot be completely covered by N s boxes, we can utilize 2N s boxes to cover the series from both ends of the series. In each box, a trend functionG(t) of the sub-series is determined. The residuals are calculated by
There are many different methods for the determination ofG. The local detrending functions could be polynomials, which recovers the DFA method (Peng et al., 1994; Hu et al., 2001) . The local detrending function could also be the moving averages, resulting in the DMA algorithm (Vandewalle and Ausloos, 1998; Alessio et al., 2002; Xu et al., 2005; Arianos and Carbone, 2007) .
The local fluctuation function f v (s) in the v-th box is defined as the r.m.s. of the residuals:
The overall fluctuation function is calculated as follows:
For most time series with fractal nature, one has:
where H can be roughly viewed as the Hurst exponent. If H is significantly greater than 0.5, the time series is positively correlated. If H is insignificantly different from 0.5, the time series is uncorrelated. If H is significantly smaller than 0.5, the time series is negatively correlated. When H is compared with 0.5, statistical tests are necessary (Jiang et al., 2014) . We first choose the centred detrending moving average (CDMA) method, which has a better performance than the backward detrending moving average (BDMA) method and the forward detrending moving average (FDMA) method for the positively correlated time series (Arianos and Carbone, 2007) . Figure 3 presents the DMA detrended fluctuation functions F DMA (s) with respect to the scale sizes s for the gap series on both buy and sell LOBs of the stock 000016. It is obvious that the empirical data points all collapse to the fitting line, indicating an evident power-law scaling relation between the fluctuation function F DMA (s) and the scale size s:
where H DMA is known as the DMA scaling exponent. Using the least squares fitting method, we obtain the scaling exponent H DMA b = 0.710 ± 0.007 for the buy LOB and H DMA s = 0.762 ± 0.005 for the sell LOB of the stock 000016.
We then calculate the DMA scaling exponents for the rest stocks, and the results are listed in = 0.768 ± 0.029 for sell LOBs. Since the DMA scaling exponents H DMA are obviously larger than 0.5, we conclude that the gap series process long memory for both buy and sell LOBs of 26 stocks.
We alternatively apply the detrended fluctuation analysis (DFA) method to confirm the long memory effect in gap series. Figure 4 depicts the DFA detrended fluctuation functions F DFA (s) as a function of the scale size s for both buy and sell LOBs of the same stock 000016. We observe perfect powerlaw scaling relation between the fluctuation function F DFA (s) and the scale size s:
where H DFA is DFA scaling exponent. Using the least-squares fitting method, we obtain H DFA b = 0.714 ± 0.006 for the buy LOB and H DFA s = 0.765 ± 0.008 for the sell LOB of stock 000016.
We also estimate the memory effect of the rest stocks with the DFA method. The DFA scaling exponents of 26 stocks are presented in Table 3 as well. We find that the scaling exponent = 0.769 ± 0.032 for sell LOBs. Since the scaling exponents calculated from the two methods obviously larger than 0.5, It is believed that the gap series on both buy and sell LOBs of 26 stocks process long memory.
On the other hand, the probability distribution of gaps may affect its memory effect. In order to test the distribution effect, we first shuffle the gap series of each stock for 100 times, then obtain the shuffled scaling exponents H DMA SFL and H DFA SFL based on the DMA and DFA methods, respectively. The average values of 100 shuffled gap series are also illustrated in Table 3 . It is clear that the values of H DMA SFL and H DFA SFL for both buy and sell LOBs extremely approach to 0.5 which are obviously smaller than the original ones. So we make a conclusion that the probability distribution of gap series does not affect the memory effect, and confirm that gap series truly process significant long memory for all the 26 stocks.
We then analyze the linear relation between H b and H s for all 26 stocks with DMA and DFA methods, which are showed in Fig. 5(a) . With the robust regressing method, for the DMA method we have the following linear relation,
and for the DFA method we have
where the numbers in parentheses are the p-values of the coefficients. We find that the coefficients are significant at the 10% level for the DMA method and at the 5% level for the DFA method. According to Table 3 and Fig. 5(a) , most stocks have
In order to compare the results obtained from the DMA method with the DFA method, we investigate the relation between the DMA scaling exponents H DMA and the DFA scaling exponents H DFA for both buy and sell LOBs of the 26 stocks. The results are presented in Fig. 5(b) . We observe that H DMA and H DFA are linearly correlated. With the robust regression method, for buy LOBs we have 
where the numbers in parentheses are the p-values of the coefficients. In the regression equation the intercept is not significant for the two methods, while the coefficients of H DMA and H DMA are significant with the p-values close to zero. We conclude that both DMA and DFA methods unveil significant long-term correlations in the gap time series and both methods give quantitatively similar results.
Multifractal nature
We now turn to study the possible presence of nonlinear correlations in the gap time series through multifractal analysis. We adopt the multifractal detrended fluctuation analysis proposed Kantelhardt et al. (2002) . We note that there are other methods that can be used for multifractal analysis (Di Matteo et al., 2005) . We calculate the qth-order detrended fluctuation function as follow:
where q can take any real value except for q = 0. When q = 0, we have
according to L'Hôspital's rule. Varying the values of segment size s, we can determine the power-law relation between the function F q (s) and the size scale s,
where h(q) is the MF-DFA scaling exponent. When q = 2, h(2) is exactly the DFA scaling exponent H DFA . Figure 6 illustrates the fluctuation functions F q (s) as a function of the scale sizes s for the buy LOB of stock 000016. We observe that the functions F q (s) for different q have nice powerlaw scaling with respect to s. Using least-squares linear regressions, we can obtain the scaling exponent h(q). It is obvious that the scaling exponent h(q) decreases with the order q. These observations are also present for price gap time series on the sell LOBs and for other stocks. Based on the MF-DFA scaling exponent h(q), we can calculate the multifractal scaling exponent τ(q) for one dimensional time series through
According to the standard multifractal formalism, if the scaling exponent τ(q) is a nonlinear function of q, the time series is considered to process multifractal nature. The scaling ex-ponents τ(q) for both buy and sell LOBs of stock 000016 are presented in the inset of Fig. 7 . It is evident that the exponents τ(q) is nonlinear with regard to the order q, suggesting that the gap time series has multifractality. Based on the Legendre transform, one obtains the singularity strength function α(q) and the multifractal spectrum f (α) (Halsey et al., 1986) :
.
(24) Figure 7 shows the multifractal spectra f (α) as a function of the singularity strength α for both buy and sell LOBs of stock 000016.
The strength of multifractality can be quantitatively measured by the width of the multifractal spectrum, i.e., ∆α = α max − α min . A larger value of ∆α corresponds to stronger multifractality. We obtain that ∆α b = 1.99 −0.51 = 1.48 for the buy LOB and ∆α s = 2.09 − 0.57 = 1.52 for the sell LOB of stock 000016. Since the values of ∆α are evidently larger than zero, it indicates that the gap series processes multifractality, which is consistent with the nonlinearity in the scaling exponent τ(q). The results for all the investigated stocks are listed in Table 4 . The value of ∆α b varies in the range [1.25, 1.86] with an average value ∆α b = 1.46 ± 0.16 for buy LOBs. The value of ∆α s fluctuates in the range [1.12, 1.91] with an average value ∆α s = 1.46 ± 0.20 for sell LOBs. Since ∆α are all larger than zero, the gap time series of the 26 stocks have multifractality.
Multifractality may be influenced by the probability distribution of gaps. With the same test method as memory effect in Sec. 4, we first shuffle the gap series for 100 times, then calculate the width of the multifractal spectrum ∆α SFL for each shuffled time series based on the MFDFA method. The average values from 100 shuffled series for each of the 26 stocks are also presented in Table 4 . Since the values of ∆α SFL are larger than zero, the distribution of gaps generates certain degree of spurious multifractality, which is probably due to the finite-size (Zhou, 2012b) . For each gap time series, ∆α b or ∆α s is significantly greater than ∆α SFL , which means that the multifractal nature is intrinsic and not caused by the strong linear correlations quantified in Sec. 4. We also compare the spectrum width of buy LOBs ∆α b with the ones of sell LOBs ∆α s for all the stocks which are illustrated in Fig. 8 . There is an evident linear relationship and a robust linear regression gives ∆α s = − 0.2223 + 1.1452∆α b , (0.0475) (0.0000)
where the numbers in parentheses are the p-values of the coefficients. The coefficients obtained from the regression are significant at the 5% level, especially for the coefficient of ∆α b whose p-value is close to zero. These findings suggest that the multifractal nature changes from stock to stock and is thus not universal. Furthermore, the gap time series on the buy and sell LOBs share similar multifractal nature.
Conclusion
In summary, we have investigated the statistical properties of the price gaps defined as the absolute logarithmic difference between the first occupied price level and second occupied price level on the LOBs based on order flow databases of 26 liquid Ashare stocks. First, we study the probability distribution of gaps in both buy and sell LOBs, and find that the cumulative distribution function follows the power-law distribution in the tail with the average scaling exponent approaching 3.2. Then we investigate the memory effect of gap series using the detrending moving average (DMA) method and the detrended fluctuation analysis (DFA) method, respectively, and obtain similar results for all the stocks considered. The result indicates that the gap series of each stock processes strong long memory with the scaling exponent significantly larger than 0.5, and the probability distribution of gaps has no impact on its memory effect. Finally, we analyze the multifractal property of gap series applying the multifractal detrended fluctuation analysis (MF-DFA) method. It is evident that the gap series have multifractal nature for both buy and sell LOBs and the probability distribution of gaps has little effect on the multifractality.
Our work conducts a systemic investigation of the statistical properties of price gaps on the limit order books. These empirical findings not only deepen our understanding of the dynamics of liquidity, but also provide stylized facts for the calibration of agent-based computational models (Li et al., 2014) . For instance, the seminal order-driven stock market model of Mike and Farmer (2008) based on the statistical properties of order placement and order cancellation is able to reproduce the two main stylized facts, that is, the power-law tail distribution of returns and the absence of long-range correlations in return time series. However, it fails to reproduce the volatility clustering phenomenon. Gu and Zhou (2009) scrutinize the microscopic empirical rules of the model and improve the model by taking into account the long-term correlations in relative prices of submitted orders. They can thus reproduce the important stylized fact of volatility clustering. Along this line, one needs to check if the artificial stock market based on computational models has the unveiled stylized facts in the price gaps. If there are discrepancies between the artificial market and real markets, one can conclude that some ingredients are missing in the construction of the model and will need to modify or improve the model.
